In this article the constant and the continuous linear boundary elements methods (BEMs) are given to obtain the numerical solution of the coupled equations in velocity and induced magnetic field for the steady magneto-hydrodynamic (MHD) flow through a pipe of rectangular and circular sections having arbitrary conducting walls. In recent decades, the MHD problem has been solved using some variations of BEM for some special boundary conditions at moderate Hartmann numbers up to 300. In this paper we develop this technique for a general boundary condition (arbitrary wall conductivity) at Hartmann numbers up to 10 5 by applying some new ideas. Numerical examples show the behavior of velocity and induced magnetic field across the sections. Results are also compared with the exact values and the results of some other numerical methods.
Introduction
problem.
Sezgin, Han and Bozkaya [18, 19] have solved the MHD problem for moderate Hartmann numbers up to 300 using BEM. They have also considered some special cases of the boundary conditions. However there are some valuable works in the MHD literature (see [43, 44, 45, 46] ) which confirm the important range of the Hartmann number in industrial applications is the values between 10 2 and 10 6 . In the current work we are going to develop the BEM for the MHD problem at high Hartmann numbers up to 10 5 for general boundary conditions. Up to the best of our knowledge, this is the first paper in the BEM which considers the MHD problems at high Hartmann numbers. To get this, three new techniques have been presented:
• A change of variables technique,
• Calculating the singular boundary integrals in an elegant way,
• Applying a modified fundamental solution.
The next Section describes the governing equations and a suitable change of variables which performs everything for implementation of BEM. In Section 3 the BEM's formulations for constant and linear approximations are outlined and the method of calculation of singular boundary integrals is discussed. Besides, modified fundamental solutions are performed to deal with the high values of Hartmann number. In Section 4 some numerical results are considered.
Governing equations
Suppose that Ω is the cross-section of a channel, in which a conducting fluid flows. Also suppose Γ is the boundary of Ω. The Cartesian coordinates (x, y, z) are chosen such that xy-plane lies in the computational domain Ω and z be the perpendicular vector on it to the direction along which the fluid flows. When the basic equations of fluid mechanics and the Maxwell equations are joined to each other, the coupled system of equations of the velocity V (x, y) and the induced magnetic field B(x, y) are obtained. The coupled system is
when the fluid is viscous and incompressible. Symbol "·" indicates the inner product operator. Hartmann number H = 0 is the size of vector M = (M x , M y ). In the other words, if α is the angle between the y-axis and the applied magnetic field of intensity B 0 in the xy-plane, the constant values of M x and M y can be calculated as:
The general form of the boundary conditions on Γ is [37] :
where n is the outward normal unit vector to the boundary Γ, and λ is conductivity parameter. There are generally two special cases which are important in physical means. The first case is λ = ∞ (in non-conducting walls), and the second case is λ = 0 (for the perfectly conducting walls). For λ = ∞ and λ = 0 the second boundary condition can be reduced to B = 0 and ∂B/∂n = 0, respectively [37] . Note that the second boundary condition in (2.2) can be written as:
where Γ = Γ 1 ∪ Γ 2 and Γ 1 ∩ Γ 2 = φ. When λ 1 = ∞ and λ 2 = 0, Γ 1 and Γ 2 are the insulating and conducting parts of the boundary, respectively. In this case B = 0 on Γ 1 and ∂B/∂n = 0 on Γ 2 . The governing equation (2.1) may be decoupled to
by the change of variables W 1 = V + B and W 2 = V − B. In this case the boundary conditions (2.2) will be replaced by the coupled boundary conditions
Since H = 0, it is obvious that M x = 0 or M y = 0. Suppose that M x = 0. If we set
3) and (2.4) convert to
where n = (n x , n y ), n x = ∂x/∂n and n y = ∂y/∂n. Note that when M x = 0 and M y = 0 the new variables U 1 = W 1 + y/M y and U 2 = W 2 −y/M y can be used. In this situation, (2.5)-(2.7) remain unchanged, but (2.8) changes to
In the next section, we formulate the BEM for (2.5)-(2.8).
where the value of c(ξ, η) depends on the location of the source point p = (ξ, η). Generally c(ξ, η) = α(ξ, η)/2π such that α(ξ, η) is the internal angle of the boundary at the collocation point p. It is clear that α(ξ, η) = 2π when p is inside Ω, and α(ξ, η) = π when p is located on the smooth parts of Γ. Employing the divergence theorem (pages 13-15 of [5] ), Eq. (3.3) can be rewritten as
The same treatments on (2.6), give
The fundamental solutions U * 1 and U * 2 are given in [3] and [4] as: 6) where r = (r x , r y ) is a vector obtained by subtraction of the field point (x, y) from the source point (ξ, η), i.e. r x = x − ξ and r y = y − η, r is length of r, i.e. r = r 2 x + r 2 y , and K 0 is the zero order modified Bessel function of the second kind.
Substituting Eq. (3.6) to Eqs. (3.4) and (3.5) , and discretizing the boundary Γ, the constant and linear BEMs are obtained, as will be described in the forthcoming subsection.
Constant and Linear BEMs
Let p = (ξ, η) be a source point belongs to Γ ∪ Ω, and suppose Q 1 = ∂U 1 /∂n and Q 2 = ∂U 2 /∂n. If we approximate the exact boundary Γ by the jointed segment lines Γ j , j = 1, ..., N and use the constant approximations for functions U 1 , U 2 , Q 1 and Q 2 , Eqs.
where N is the number of the boundary elements, and U 1,j , U 2,j , Q 1,j , Q 2,j are the values of the unknown functions U 1 , U 2 , Q 1 , Q 2 at the mid point of the j-th boundary element, 8) where K 1 is the first order modified Bessel function of the second kind. If we choose the source points p 1 , p 2 , ..., p N coincide with the mid points of the boundary elements Γ 1 , Γ 2 , ..., Γ N , respectively, we get the following matrix forms
where
such that δ i,j is Kronecker delta function. Finally Eqs. (2.7)-(2.8) and (3.9) lead to the system     The interior values of U 1 and U 2 can be calculated using Eq. (3.7) for p ∈ Ω, providing the linear system (3.10) is solved using some proper numerical linear algebra technique.
The constant BEM is the simplest approach. However to get more accurate results, we can apply the continuous linear BEM. Since the computational costs of the constant and the continuous linear BEMs are approximately the same, the use of the linear BEM has been strongly recommended [2, 35] .
Similar to the constant BEM, for the continuous linear BEM the boundary Γ discretizes to N boundary line elements. In this scheme the unknown functions U 1 , U 2 , Q 1 , Q 2 on the boundary are interpolated linearly on each boundary element Γ j , j = 1, 2, ..., N using two end points p j and p j+1 . If p = (ξ, η) be an arbitrary point, Eqs. (3.4)-(3.6) yield
where U 1,j , U 2,j , Q 1,j , Q 2,j are the exact values of the unknown functions at p j . Note that in Eq. (3.11) we have U m,N +1 = U m,1 and Q m,N +1 = Q m,1 for m = 1, 2, and 12) where the variable t is the natural coordinate along the boundary element Γ j belongs to interval [−1, 1] taking −1 and +1 at the points p j and p j+1 , respectively. And
are the linear shape functions. The set of algebraic equations arising from Eqs. (3.12) can be recast to the matrix form (3.9), where
and for j = 2, 3, ..., N ,
The interior unknown values can be computed using Eq. (3.11).
Calculation of Singular Boundary Integrals
To calculate the elements of matrices G 1 , G 2 , H 1 and H 2 we face singular boundary integrals. In Eqs. (3.8) and (3.12) we should integrate against the Bessel functions K 0 (H/2 r) and K 1 (H/2 r). When r, the distance between the source point (ξ, η) and the field point (x, y), approaches to zero, the Bessel functions tend to infinity. In this case the conventional numerical methods break down to produce accurate results. To overcome this drawback we propose a new technique which is based on simplification of the Bessel functions in an elegant way. For small values of z (i.e. z → 0) we have K 0 (z) ≈ − ln(z/2) − γ and K 1 (z) ≈ 1/z where γ is Euler number. We define functions F * 1 and F * 2 as
These functions are bounded as r tends to zero, and
the boundary integrals in Eqs. (3.8) and (3.12) can be written as subtractions of two kinds of boundary integrals including regular kernels F * k , k = 1, 2 and simple weak singular kernel 1/(2π) ln(r). The formers can be calculated easily by the use of the conventional numerical methods due to the regularity and the latest is the fundamental solution of Laplace equation. There are many valuable techniques to deal with the singularities appearing in the boundary integrals for Laplace equation [38, 39, 40, 36] . Applying the above-mentioned substitutions, equations in (3.8) are changed to
:
where the boundary integrals with kernel ln(r) are calculated exactly, and L j is the length of j-th boundary element. For continuous linear BEM, from Eq. (3.12) we have the following equations (a) :
for m = 1, 2, such that
Modified Fundamental Solution for Large Values of Hartmann Number
Boundary elements solution of the MHD equation fails at high values of H due to the limitation of machine precision. In Eq. (3.6) when the multiplication Hr grows, the exponential terms in definitions of U * 1 and U * 2 approach to infinity and the Bessel terms approach to zero. These cause roundoff errors in calculations and lead to unsatisfactory numerical results. To overcome this drawback we can modify the fundamental solutions U * 1 and U * 2 for large values of H, using the fact that
for α = 0, 1. Regarding to (3.13) for large values of Hr (say, the values larger than 50), Eq. (3.6) can be approximated by
(3.14)
Thus, (3.8) can be replaced by
Similar relations can be written for the linear BEM by substitution (3.14) into (3.12) when Hr grows up.
Numerical examples
As we mentioned, we assume that the fluid flows in z direction in the duct and we consider the MHD equation in a cross-section of duct in xy-plane. Cross-sections can be assumed to be of rectangular or circular shapes. Besides, we assume that the fluid is viscous, incompressible and electrically conductive. Functions V (x, y) and B(x, y) are the z components of the velocity and induced magnetic field, respectively.
Square cross-section
At first, a duct with a square cross-section has been considered. Authors of [41] solved this problem for H ≤ 300 and α = π/2 by the constant BEM in some especial cases of boundary conditions. We extend it for moderate and high values of H (500 ≤ H ≤ 10 5 ), for different values of α , and general boundary conditions. Suppose that the computational domain Ω is the square |x|, |y| ≤ 1.
Let H = 20. We implement the constant BEM for N = 16 and evaluate the boundary integrals using a 10-point Gauss quadrature. To see the effect of increasing the conductivity parameter λ, Fig. 1 is presented for H = 20, α = 0 and various values of λ (λ = 0 , 1 , 10, 100 and ∞). As λ increases, the graphs along the x-axis (y = 0), converge to the case λ = ∞ and show the behavior of solution of MHD flow with insulated walls. In [34] this problem has been solved using a spectral method. Fig. 1 confirms the results of [34] . Fig. 2 is performed for the purpose of demonstrating the effect of various values of α along the x-axis (y = 0), for λ = ∞. As can be seen from this figure, the absolute values of the induced magnetic field along the x-axis are reduced when α is increased from 0 to π/2 as is mentioned in [34] . Now we turn to some higher values of Hartman number. For H = 500, the boundary Γ is uniformly discretized to 40 and 32 boundary elements for constant and linear BEMs, respectively. The exact values [9] and the BEM results of the velocity have been compared in Fig. 3 when α = π/2 and λ = ∞. The results are presented for x ∈ [0.98, 1] (where the most actions take place) and y = 0. Note that the velocity is symmetric with respect to y-axis and it is constant for interior points far from the boundary. The maximum relative errors for x ∈ [−1, 1], y = 0, λ = ∞ and α = π/2 are smaller than 1e − 4 for the constant and linear BEM when a 100-point Gauss quadrature scheme is employed (from here on, the number of integration points is denoted by n g ). Moreover, a comparison is carried out for n g = 10 and 100 in this figure. It is clear that the accuracy of method strongly depends on the accuracy of the quadrature formula. Taking closer look at Fig. 3 , one can see that the higher errors occur for points very close to the boundary (for example x ∈ [0.999, 1]). The main reason is the near singularity problem which appears when the internal source point is significantly close to its corresponding boundary element. We leave this for a future work and now refer the interested readers to [38, 36] for more details.
In Table 1 the BEM solutions are compared with the exact solutions of [9] , the numerical solutions obtained by the finite element method in [42] , and the results of meshless point collocation method (MPCM) [31] for H = 500 at some grid points. Table 1 The velocity and the induced magnetic field at H = 500 The velocity V and the magnetic field B are shown in Fig. 4 for constant BEM. In this figure H = 500, α = π/4, π/3, π/2, λ = ∞ and the boundary has been discretized to 40 boundary elements. The same results for α = π/2 were achieved in [31] where a meshfree method was applied using 1000 meshless nodes. Also the authors of [42] used 6400 nodes to solve a similar problem. In this paper we use only 40 boundary nodes leading to an absolutely cheaper numerical scheme. As it can be seen from Fig. 4 , when α = π/2 the velocity is symmetric with respect to x-axis and y-axis. Similarly, when α = π/4 it is symmetric with respect to lines y = ±x. The induced magnetic field is symmetric with respect to y-axis and line y = x for α = π/2 and α = π/4, respectively. Moreover it is anti-symmetric with respect to the x-axis and line y = −x for α = π/2 and α = π/4, respectively.
For H = 1000 some similar comparisons are done and shown in Fig. 5 . The results are provided for x ∈ [0.99, 1], y = 0, α = π/2 and λ = ∞. The numbers of boundary elements are 80 and 64 for the constant and linear BEMs, respectively. When the Hartmann number increases, the main action takes place near the boundary. In this case the maximum relative error is 1e − 4 for the constant and linear BEMs. The near singularity problem is evident when x ∈ [0.9995, 1] and n g = 10.
The velocity and the induced magnetic field for H = 1000 are depicted in Fig. 6 by contour lines for λ = ∞. The number of boundary elements is chosen to be 80 for the constant BEM. The results are in good agreement with those given in [31, 42] . For α = π/2, maximum and minimum values of the velocity are 1.000e − 3 and 1e − 15 (≈ machine's epsilon in double precession), respectively. They are 9.921e − 4 and −9.921e − 4 for the induced magnetic field.
The results of velocity for H = 10 4 and H = 10 5 with a comparison to the exact values are depicted in Fig. 7 for α = π/2 and λ = ∞. When H = 10 4 and n g = 100, the maximum relative error is 1e − 3 using N = 800 and N = 480 for the constant and linear BEMs, respectively. For H = 10 5 it is again 1e−3 using N = 1600 and n g = 500 for linear BEM. Note that, for higher values of H the costs of the constant BEM increase due to the number of boundary elements and number of integration points which are required to get accurate results. Unfortunately, for H = 10
5 the results are not accurate for n g < 500. The numerical results presented in Fig. 7-(a) are not accurate for x ∈ [0.9999, 1] due to the near singularity problem. The velocity and induced magnetic field for H = 10 5 are shown in Fig. 8 . In this case the linear BEM is applied for λ = ∞ and N = 1600.
Circle cross-section
Let the computational domain be a circle with center (0, 0) and radius 1. Here we suppose α = π/2 and λ = ∞. The contour lines of the velocity and the induced magnetic field for H = 500 and H = 1000 are shown in Fig. 9 . The problem has been solved using the constant BEM where N = 40 and N = 80 for H = 500 and H = 1000, respectively. In both cases n g = 100.
Conclusion and Outlook
In the boundary elements method's (BEM's) literatures there are some studies on Magnetohydrodynamic (MHD) equations. This problem has been solved for Hartmann numbers up to 300 using BEM until now. In this work we extend the BEM for Hartmann numbers up to 10 5 . To do this, some new improvements are applied. The ideas presented in this work can also be applied to the other PDEs with advection and diffusion terms. Finally it is worth pointing out that the boundary integrals are not calculated accurately when the number of Gaussian integration points is less than 100. A new cheaper scheme should be designed to evaluate the boundary integrals in future studies. In addition, we face the near singularity problem when we try to calculate the values of the unknown functions at points very close to the boundary (for example r < L j /100). In this situation the conventional numerical integration schemes (i.e. Gauss quadrature rules) cannot evaluate the boundary integrals accurately. Therefore, to get more accurate results we have to treat the near singularity problem [36] . 
